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GENERAL EFFICIENCY THEORY OF THERMOELECTRIC
CONVERSION
BYUNGKI RYU, JAYWAN CHUNG, AND SUDONG PARK
Abstract. In this Letter, we show thermoelectric conversion efficiency is exactly de-
termined by three independent material parameters Zgen, τ , and β. Each parameter is
a figure of merit hence improving τ or β is an additional way to increase the efficiency.
The Zgen generalizes the traditional figure of merit zT. Two degrees of freedom τ and β
reflect the temperature gradients of the material properties and are crucial to evaluate
the heat current altered by non-zero Thomson heat and asymmetric Joule heat escape.
Physical insights on high τ or β materials explain why the single parameter approaches
can be inaccurate for efficiency prediction.
A thermoelectric module utilizing the thermoelectric effect for direct conversion of
thermal energy into electrical energy is a heat engine [1]. Hence its conversion efficiency
is the fraction of input heat current Qh into the electrical power P delivered to an external
load. The power P is simply determined by the electrical device parameters as P = I(V −
IR) where I, V , and R are electric current, total generated voltage, and internal electrical
resistance. However the heat current has no such expression due to the nonlinearity of
the thermoelectric equation [2, 3, 4, 5] caused by temperature-dependent thermoelectric
material properties. As a result, the thermoelectric efficiency η = P
Qh
has no analytical
expression in terms of the device parameters.
When the material properties are temperature-independent, the single parameter zT
suggested by Ioffe [1, 3] is a figure of merit for the thermoelectric efficiency. As its general-
ization for temperature-dependent material properties, several single average parameters
have been suggested [5, 3, 6, 7, 4, 8] but their efficiency prediction can be significantly
different from exact numerical one for some practical material curves [5, 3, 6, 7, 4, 9, 8,
10, 11, 12].
In this Letter, we show the input heat current Qh of a one-dimensional thermoelec-
tric generator model with temperature- and position-dependent material properties is
determined by the device parameters and two additional material parameters τ and β.
As a consequence, the efficiency η is determined by three material parameters Zgen, τ ,
and β. Here the Zgen is a generalization of the figure of merit zT and is written by
the device parameters; see (6). Although the three material parameters depend on the
electrical current I, the dependence is negligible when the maximum power or maximum
efficiency is considered; see Fig. 2. Treating the Zgen, τ , and β as constants, we have an
analytical formula for the maximum thermoelectric efficiency as a natural generalization
of the constant material property case; see (8). Furthermore, each of our τ and β is a
dimensionless figure of merit, hence its improvement is a novel approach to enhance the
efficiency, different from improving the zT . While the definitions of τ and β in (5) are
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2 GENERAL EFFICIENCY THEORY OF THERMOELECTRIC CONVERSION
involved, their approximations (9) give clear insights to improve the τ and β, and explain
why the single parameter generalizations of zT fail for some materials, as discussed later.
Before deriving the τ and β, first we observe the necessity of them. Let α, ρ, κ be
temperature-dependent Seebeck coefficient, electrical resistivity, and thermal conductiv-
ity of a thermoelectric material, respectively. For a single thermoelectric leg module with
length L and cross-sectional area A in one spatial dimension, we may define average pa-
rameters of the material properties as α := V
∆T
= − ∫ αdT
dx
dx, ρ := A
L
R = 1
L
∫
ρ dx, and
1
κ
:= A
L
1
K
= 1
L
∫
1
κ
dx. Here ∆T is the given temperature difference between the two ends
of the generator, x is the spatial coordinate inside the module, T = T (x) is the tempera-
ture distribution inside the module, and 1/K is the thermal resistance of the module. If
the material properties do not depend on T , the hot-side input heat current at temper-
ature Th and the cold-side output heat current at temperature Tc are determined by the
average parameters as Qh = K∆T + IαTh − 12I2R and Qc = K∆T + IαTc + 12I2R. The
electrical power delivered outside the module is P = Qh −Qc. If the material properties
depend on T while the average properties remain unchanged, the heat currents change to
different values Qh and Qc but the power, which is determined by the average properties,
does not change. This implies P = Qh − Qc = Qh − Qc. Hence there exists a backward
heat current B such that Qh = Qh−B and Qc = Qc−B. Meanwhile, since there are two
heat sources in the thermoelectric equation, i.e. Thomson heat porportional to electrical
current I and Joule heat proportional to I2, the B should be decomposed into I and I2
terms which reflect the effective Thomson heat flow and asymmetric Joule heat escape.
Our τ and β in (5) are these contribution terms satisfying B = (Iα∆T ) τ +
(
1
2
I2R
)
β and
(1)
Qh = K∆T + Iα(Th − τ∆T )− 1
2
I2R(1 + β),
Qc = K∆T + Iα(Tc − τ∆T ) + 1
2
I2R(1− β).
To derive the τ and β, we examine the thermoelectric equation. The thermoelectric
effect is expressed in terms of electric current density J := I/A and heat current density
JQ := Q/A as J = σ(E − α∇T ) and JQ = αTJ − κ∇T where E is the electric field.
Applying the charge and energy conservation laws to J and JQ, we can obtain the ther-
moelectric differential equation of temperature T in a one-dimensional thermoelectric leg
without radiative and convective losses [2, 5]:
(2)
d
dx
(
κ
dT
dx
)
− T dα
dT
dT
dx
J + ρJ2 = 0,
where x is the spatial coordinate inside the leg. The left-hand side of (2) is composed of
thermal diffusion, Thomson heat generation, and Joule heat generation. Let fT be the
heat source term of (2) as fT (x) := −T dαdT dTdxJ + ρJ2. Assuming the κ(x) and fT (x) are
known, the linear equation (2) with a Dirichlet bounday condition T (0) = Th, T (L) = Tc
can be solved to find an integral equation for T and dT
dx
:
(3)
T (x) =
(
Th − K∆T
A
∫ x
0
1
κ(s)
ds
)
+
(
−
∫ x
0
F (s)
κ(s)
dx+
K δT
A
∫ x
0
1
κ(s)
ds
)
,
dT
dx
(x) =
(
−K∆T
A
1
κ(x)
)
+
(
F (x)
κ(x)
+
K δT
A
1
κ(x)
)
,
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where F (x) :=
∫ x
0
fT (s) ds and δT :=
∫ L
0
F (x)
κ(x)
dx. Note that the first equation is of the
form T = ϕ[T ] where ϕ is an integral operator. With this relation, the exact T can be
obtained via fixed-point iteration Tn+1 = ϕ[Tn] [13] in most practical cases.
Using the second equation in (3) for dT
dx
(x), we derive an integral equation of the heat
currents as
(4)
Qh = IαhTh − Aκh
(dT
dx
)
h
= IαhTh +K(∆T − δT ),
Qc = IαcTc − Aκc
(dT
dx
)
c
= Qh − P.
The δT has two contribution terms of I and I2 from double integration of Thomson and
Joule heat: since
FT (x) = I
2
∫ x
0
1
A2
ρ(s) ds− I
∫ x
0
1
A
T (s)
dα
dT
(T (s))
dT
dx
(s) ds
=: I2F
(2)
T (x)− IF (1)T (x),
we have
δT = I2
∫ L
0
F
(2)
T (s)
κ(s)
ds− I
∫ L
0
F
(1)
T (s)
κ(s)
ds
=: I2δT (2) − IδT (1).
Rewriting the Qh in (4) into the form of (1), we obtain
(5)
τ :=
1
α∆T
[
(α− αh)Th −K δT (1)
]
,
β :=
2
R
K δT (2) − 1.
For T -independent material properties, δT (2) = 1
2
R
K
and δT (1) ≡ 0 so that τ ≡ 0 and
β ≡ 0, which implies Qh = Qh = K∆T + IαTh − 12I2R, as expected.
Next we define the Zgen as a generalization of the figure of merit zT . For a given load
resistance RL, the electric current is I =
V
R(1+γ)
where γ := RL/R. Hence the power
delivered to the load is P = I2RL = I(V − IR) = α2ρ (∆T )
2
L/A
γ
(1+γ)2
. With this observation,
we define the general device power factor as PFgen :=
α2
ρ
and the general device figure of
merit as
(6) Zgen :=
(V/∆T )2
RK
=
α2
ρ κ
.
When the PFgen is slowly varying on I, the power P is maximized near γ = 1. The
Zgen is adopted for the simplication of the efficiency formula as in (7). Furthermore, the
Zgen is a generalization of the previous single average parameters. The Zgen is reduced
to the average figure of merit zav :=
〈α〉2
〈ρκ〉 by Ioffe and Borrego [1, 4, 3, 6, 7] under the
constant heat approximation. Here the bracket 〈·〉 indicates the averaging over T . The
Zgen is reduced to the engineering figure of merit Zeng :=
〈α〉2
〈ρ〉〈κ〉 by Kim et al. [8] under
the linear-T approximation. Similarly, the PFgen is reduced to the effective power factor
〈α〉2〈κ〉
〈ρκ〉 under the constant heat approximation[14] .
Finally we consider the thermoelectric conversion efficiency η = Qh−Qc
Qh
. Using (1), we
can verify that the dimensionless heat currents Qh/K∆T , Qc/K∆T , and the efficiency are
determined by five parameters ∆T , Zgen, τ , β, and I (or the resistance ratio γ). Thereby,
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Figure 1. Maximum thermoelectric efficiency surface in equation (8)
is drawn for Th = 900K and Tc = 300K, with Zgen = 0.002K
−1 and
0.001K−1. Improving one of Zgen, τ , and β increases the efficiency.
given external thermal and electrical condition, the efficiency is exactly determined by
three parameters as
η(Zgen, τ, β|Th, Tc, γ)
=
∆T γ
(1+γ)2
1/Zgen +
(
1
1+γ
)
(Th − τ∆T )− 12∆T
(
1
1+γ
)2
(1 + β).
(7)
Note that the η is monotonically increasing with respect to ∆T , Zgen, τ and β. The
monotone increasing property on τ and β is easily observed from Qh in (1); since Qh is
monotonically decreasing with respect to τ and β, the η = P
Qh
is monotonically increasing.
Therefore each of Zgen, τ , and β is a figure of merit; see Fig. 1.
The efficiency formula (7) is applicable to segmented- and graded-material devices with
contact resistance. This is because the computation of Zgen, τ , β in (6) and (5) is based
on the integral formulation of temperature distribution in (3): the derivative of α can be
replaced with an integral by part on the Thomson heat as Tdα = d (αT ) − αdT , hence
the choice of α(x), ρ(x), κ(x) for such general cases is straightforward. Moreover, as each
of p- and n-legs performance is simulated, the formula can be extended to compute the
thermoelectric efficiency of the module with p- and n-leg pairs: ηmodule = P (p)+P (n)
Qh(p)+Qh(n)
,
where p and n in parenthesis indicates p- and n-type legs, respectively.
The three average parameters (α, ρ, κ) and the three degrees of freedom (Zgen, τ , β)
are slowlying varying on I and γ. For the SnSe [15] single-element leg module working
at Th = 970.1K and Tc = 302.7K, the relative absolute variations for the six parameters
is less than 0.1% near the maximum efficiency condition; see Fig. 2. Even for the
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segmented leg composed of 0.4 mm low-temperature side segment of BiSbTe [16] and 0.6
mm high-temperature side segment of SnSe [15] and operating between 970 K and 300
K, calculations reveal that the six parameters are still robust against the change of I: the
variation is about 5% for γ in the range of maximum power case and maximum efficiency
case.
The maximum efficiency can be predicted using the three degrees of freedom (Zgen, τ ,
β). As the thermoelectric parameters are robust against I and γ, the Zgen, τ and β can
be assumed to be constants. To find an approximate value of the maximum efficiency,
we maximize the η for γ fixing Zgen, τ , β. Then we have a general maximum efficiency
formula:
(8) ηgenmax :=
∆T
T ′h
√
1 + ZgenT ′m − 1√
1 + ZgenT ′m + T ′c/T
′
h
,
where T ′h := Th − τ∆T , T ′c := Tc − (τ + β) ∆T , and T ′m := (T ′h + T ′c)/2. The maximum
efficiency occurs when γ is near the γgenopt :=
√
1 + ZgenT ′m. The computed efficiency results
for 276 published thermoelectric material properties with available temperature ranges
[see §1-4 in Supporting Material (SM)] in Fig. 3(a) and (b) validate our general maximum
efficiency formula (8). It shows the error in efficiency prediction by the single parameter
zT is due to the neglect of the hidden parameters τ and β. The general efficiency formula
ηgenmax in (8) is a natural generalization of the traditional effiicency formula of constant
property model ηconstmax :=
∆T
Th
√
1+zTm−1√
1+zTm+Tc/Th
where z := α
2
ρκ
and Tm = (Th + Tc)/2. Just
replacing the z, Tm, Th, Tc in η
const
max by Zgen, T
′
m, T
′
h, T
′
c respectively, our η
gen
max is obtained.
When material properties are constant (τ = β = 0), both formulas are the same.
The compatibility factor [17] can be also generalized. The optimal current for maximum
efficiency Iopt is close to I
gen
opt :=
V
R
1
1+γgenmax
. The compatibility factor s =
√
1+zT−1
αT
describes
the optimal relative current for maximum efficiency at a given T . Hence, a general
compatibility factor can be derived as sgen :=
Iopt
K∆T
=
√
1+ZgenT ′m−1
αT ′m
.
A maximum efficiency formula using the dimensionless weight factors of Joule and
Thomson heat WJ and WT is suggested by Kim et al. [8] However, their formula is not
a generalization of the traditional efficiency formula; the WT =
∫ Th
Tc
∫ Th
T Tα
′(T ) dT dT
∆T
∫ Th
Tc
Tα′(T ) dT
is not
defined when the α is constant because the numerator and denominator vanishes. Also
the WT is not a figure of merit.
While the exact computation of Zgen, τ , β require temperature distribution inside the
module, an accurate one-shot approximation of them is also available (see §5 in SM):
Zgen ≈ Z(0)gen :=
(∫ Th
Tc
α(T ) dT
)2
∆T
∫ Th
Tc
ρ(T )κ(T ) dT
,
τ ≈ τ (0)lin := −
1
3
αh − αc
αh + αc
,
β ≈ β(0)lin :=
1
3
(ρκ)h − (ρκ)c
(ρκ)h + (ρκ)c
.
(9)
Here the subscripts h and c denote the evaluation of the function at Th and Tc respec-
tively. The formulas for Z
(0)
gen,τ
(0)
lin ,β
(0)
lin in (9) can be derived using two assumptions: (i)
T = T (0) where T (0) is the temperature distribution for the J = 0 case, i.e. T (0) is a
solution of −κ(T (0))dT (0)
dx
= const. The superscript (0) means we use the J = 0 case. (ii)
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Figure 2. Relative absolute variations of three average parameters (α, ρ,
κ) and three thermoelectric degrees of freedom (Zgen, τ , β) are calculated
with respect to the resistance ratio γ = RL/R for a single-element leg
generator module using SnSe material properties [15].
the material properties α and ρ × κ are linear with respect to T . The subscripts in τ (0)lin
and β
(0)
lin emphasize the linearity. In Fig. 3(c)–(e), the strong correlation between the
one-shot approximation values and exact numerical values is verified for the 276 ther-
moelectric material properties from literature. The approximation fails only when the
Seebeck coefficient is small and sign-changing with temperature.
The one-shot approximation (9) clarifies the effect of temperature-dependent material
properties on the efficiency. For example, because τ ≈ −1
3
αh−αc
αh+αc
, the efficiency can be
enhanced if the α(T ) declines more rapidly on T , i.e. the Thomson effect as a heat sink
becomes stronger. Hence the Thomson effect in efficiency estimation is important as
reported previously [4, 9, 18, 19, 12, 8].
The one-shot approximation (9) also explains why the single parameter generalizations
of the zT fail for efficiency prediction of some materials. For example, the peak zT of
SnSe materials is significantly greater than that of BiSbTe materials (SnSe has the highest
peak zT of 2.6 at 923 K [15]), but the efficiency of BiSbTe is significantly greater than
that of the SnSe. This extreme failure of zT can be explained by the figure of merit
τ . Consider three imaginary materials imitating BiSbTe-like, SnSe-like, and constant-z
materials. For simplicity, we impose two assumptions on their material properties: (i)
the ρ and κ of them are T -independent and they have the same α. (ii) the α of them
is linear on temperature; the BiSbTe-like material has linearly decreasing α, the SnSe-
like material has linearly increasing α, and the constant-z material has the constant α.
Then, as shown in Fig. 4, the peak zT of the SnSe-like material is very high as the zT
is proportional to T 3. However, due to the temperature-dependent profile of α, the τ of
the SnSe-like material is negative while the τ of BiSbTe-like material is positive; see (5)
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Figure 3. Efficiency estimation methods using ηgenmax(zT ), η
gen
max(Z
(0)
gen),
ηgenmax(Z
(0)
gen, τ
(0)
lin , β
(0)
lin ), and η
gen
max(Zgen, τ, β|Iopt) are tested for 276 published
materials under available temperature range. (a) Comparison of the effi-
ciency estimation methods and numerically computed maximum efficiency.
(b) Relative absolute errors between the efficiency estimation methods and
the numerical maximum efficiency. (c),(d),(e) Comparison of the one-shot
approximation values Z
(0)
gen, τ
(0)
lin , β
(0)
lin in (9) and the numerical Zgen, τ , β
when the maximum efficiency is attained.
and (9). Since the Zgen is the same for the three materials, the τ is the main figure of
merit which concludes that the BiSbTe-like material has higher maximum efficiency than
the SnSe-like material. This example shows a single average parameter is not enough for
efficiency prediction and the gradient of material properties can be important.
In summary, three degrees of freedom Zgen, τ and β exactly determine the thermoelec-
tric conversion efficiency. Each degree of freedom is a figure of merit hence improving τ
or β is a complementary way to increase the efficiency. The physical insights on high τ or
β materials explain why single parameter approaches are not enough for some materials,
and can be used to evaluate and optimize the thermoelectric materials and devices.
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Supplementary Material for
“General Efficiency Theory of Thermoelectric Conversion”
Abstract. This Suppelmentary Material (SM) is prepared to support the paper for
publication in the Applied Physics Letters, entitled General Efficiency Theory of Ther-
moelectric Conversion. This SM is composed of following sections. In §1, we give
information on full reference list for 276 thermoelectric materials from 263 literatures,
which were used for efficiency prediction (Fig. 3) In §2, we describe how to compute
numerical ideal maximum efficiency for thermoelectric conversion of single-leg materials
in Fig. 3. In §3, we give a statistical analysis for the predicted efficiency of 276 mate-
rials (Fig. 3). In §4, we give an efficiency analysis data for selective 18 thermoelectric
materials. In §5, we give a full derivation of one-shot approximation forms for Zgen, τ ,
and β.
§1 Thermoelectric Property (TEP) Data used in Figure 2
In this work, we constructed a dataset of TEPs of 276 materials gathered from 263
literatures [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48,
49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73,
74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98,
99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117,
118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135,
136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153,
154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 171,
172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189,
190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207,
208, 209, 210, 211, 212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226,
227, 228, 229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241, 242, 243, 244, 245,
246, 247, 248, 249, 250, 251, 252, 253, 254, 255, 256, 257, 258, 259, 260, 261, 262, 263] to
test our method. To digitize the TEP data, we use the Plot Digitizer [264]. The dataset
consists of Seebeck coefficient α, electrical resistivity ρ (or electrical conductivity σ), and
thermal conductivity κ at measured temperature T . For the numerical computation of
efficiency, we use the available temperature ranges of the given material: the Tc is defined
as the maximum of the lowest measured temperautre and Th is defined as the minimum
of the highest measured temperature for given materials.
As shown in Table 1, the 276 materials in our dataset have various base-material
groups: 59 Bi2Te3-related materials, 55 PbTe-related materials , 40 skutterudite (SKD),
23 Mg2Si-based materials, 18 GeTe materials, 14 M2Q antifluorite-type chalcogenide ma-
terials (where M = Cu, Ag, Au and Q = Te, Se), 12 SnTe-related materials, 11 ABQ2-
type materials (where A=Group I, B=Bi, Sb, Q=Te, Se), 8 SnSe-related materials, 7
PbSe-related materials, 7 half-Heusler (HH) materials, 6 SiGe-related materials, 3 In4Se3-
related materials, 3 PbS-related materials, 2 oxide materials, 2 clathrate materials, and
6 others. Here the base-material denotes the representative material, not the exact com-
position. Also note that for the categorizatoin of base materials, the doping element is
ignored. For examples, Bi2Te3, Sb2Te3, Bi2Se3 binary and their ternary alloys are cate-
gorized as Bi2Te3-related materials. The material doping composition is not denoted in
the composition of the base material.
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Table 1. TEP Dataset of 276 materials with various material groups.
‘Group’ and ‘#mat.’ coloumns represent the group of base material and
the number of materials inside the Group.
Group #mat. Group #mat.
Bi2Te3 59 SnSe 8
PbTe 55 PbSe 7
SKD 40 HH 7
Mg2Si 23 SiGe 6
GeTe 18 In4Se3 3
M2Q 14 PbS 3
SnTe 12 Oxide 2
ABQ2 11 clathrate 2
etc. 6 Total 276
§2 Numerical Efficiency Calculation in Figure 3
Thermoelectric phenomena in power module is governed by the thermoelectric differ-
ential equation as below:
(10)
d
dx
(
κ
dT
dx
)
− T dα
dT
dT
dx
J + ρJ2 = 0.
Numerical maximum efficiencies of ideal thermoelectric modules without thermal loss
by radiation or air convection are computed for 276 materials and compared with the peak
zT values. The thermoelectric properties are fitted using the piecewise linear interpolation
at intermediate temperatures. The exact temperature distribution T (x) of steady state is
determined by solving the differential equations of thermoelectricity (see equation-(10))
with Dirichlet boundary conditions; the end point temperature is determined from the
available temperature range. Then the thermoelectric performances of a thermoelectric
leg with length L and cross sectional area A are calculated as a function of current density
J given as η(J) = P/A
Qh/A
=
J(
∫ h
c αdT−J
∫ L
0 ρdx)
−κh∇Th+JαhTh , where the P and Qh are the power delivered
outside and the hot-side heat current respectively. Then, the maximum of numerical
efficiency (ηmax) is calculated, which satisfies the relation η(J) ≤ ηmax. The reduced
efficiency ηred is obtained as ηred =
ηmax
ηCarnot
, where ηCarnot =
Th−Tc
Th
.
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§3 Maximum efficiency prediction using ηgenmax in Figure 3
In Figure 3(b), we can observe that the maximum efficiency estimation formula ηgenmax(Zgen, τ, β)
in equation (8) is highly accurate. In Table 2, various statistics on the relative error of
maximum efficiency (η
gen
max−ηmax
ηmax
) are given.
Table 2. Statistics on the relative error (RelErr) of the maximum ef-
ficiency estimation formula ηgenmax(Zgen, τ, β). Average (Avg), root mean
square (RMS RelErr or StdErr), maximum (max), and minimum (min)
of the relative errors are estimated for 276 materials for thermoelectric
power generator working at their available temperature.
276 materials
for power
module
Relative error in maximum efficiency formula
ηgenmax η
const
max
Zgen, τ, β Z
(0)
gen, τ (0), β(0) Z
(0)
gen, τ
(0)
lin , β
(0)
lin Zgen Z
(0)
gen peak zT
Avg RelErr 0.02% 1.11% 1.08% 1.42% 2.29% 235%
StdErr (RMS RelErr) 0.09% 1.38% 1.38% 1.52% 2.47% 1854%
max RelErr 1.15% 5.45% 5.23% 5.80% 9.96% 28835%
min RelErr -0.61% -1.92% -1.76% -1.78% -2.48% -4%
If we use the exact Zgen, τ, β, the standard error (=root mean square of relative errors)
of ηgenmax is 9.60× 10−4. Actually, these small value is generated during numerical analysis.
If we use Z
(0)
gen, τ
(0)
lin , β
(0)
lin , the standard error is 1.75 × 10−2. For the signle crystalline
SnSe with peak zT of 2.6, the relative error of one shot method is found to be only
6.82 × 10−3. However, when we use the different approximation such as linear T (x) or
different average scheme for z, the error becomes larger than ours due to the non-linearity
of T for this material [8].
If we only use the Z
(0)
gen with zero τ and β, the efficiency is still well predicted with the
standard error of 3.37× 10−2. But, in some materials, the error is relatively large due to
the neglect of the τ and β. The largest relative error of 10% is found for [101], due to
the non-vanishing gradient parameters (τ = −0.222 ≈ τ (0) = −0.177 ≈ τ (0)lin = −0.204,
β = 0.2085 ≈ β(0) = 0.228 ≈ β(0)lin = 0.185, when Th = 918K and Tc = 304K).
§4 Efficiency analysis for selective 18 TE materials
As the representative, we consider 18 thermoelectric materials showing high peak zT
values exceeding 1. The TEP curves for temperature dependent Seebeck coefficient,
electrical conductivity, and thermal conductivity can be found in the additional excel SM
file. The full zT curves of them are shown in Figure 5. Table 3, 4 and 5 contain more
information of the materials, including available temperature range, peak zT , numerical
efficiency, formula efficiency, and the thermoelectric degrees of freedom.
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Selected 18 candidates for segmented-leg
TE Material, p-type, chalcogenides +
[ID-1] (PbTe)(SrTe):Na (ref-1) [ID-2] (PbTe)(SrTe):Na (ref-2)
[ID-4] FeNbSb (ref-3) [ID-5] Ge0.87Pb0.13Te (ref-4)
[ID-6] Cu2S0.52Te0.48 (ref-5) [ID-9] Bi0.3Sb1.7Te3 (ref-8)
[ID-10] (PbTe)0.96(MgTe)0.02Na0.04 (ref-9) [ID-12] BST dislocation (ref-10)
[ID-17] PbTe0.85Se0.15 (ref-15) [ID-18] PbTeNa (ref-16)
[ID-19] BST nanobulk (ref-17) [ID-23] PbTe:Na PNAS quenching (ref-19)
[ID-27] sc-SnSe (ref-22) [ID-28] Sn0.985Na0.015Se (ref-23)
[ID-34] Bi0.4Sb1.6Te3 (ref-27) [ID-43] KERI BSTAg (HP) (ref-36)
[ID-85] (PbTe)0.8(PbS)0.2 + 3at% Na (ref-73) [ID-292] Cu1.94Al0.02Se (APL) (ref-255)
Figure 5. The zT curves for 18 selected materials. The ‘ref-#’ is the
reference number.
Table 3. Information of 18 selected materials: available temperature
range Tc and Th, ∆T = Th − Tc, peak zT , temperature of the peak zT .
ID-# Material or Process [Reference] Tc (K) Th (K) peat-zT @T
ID-1 (PbTe)(SrTe):Na [1] 251 818 1.7 @800K
ID-2 (PbTe)(SrTe):Na [2] 302 915 2.2 @915K
ID-4 FeNbSb [3] 301 1200 1.5 @1200K
ID-5 Ge0.87Pb0.13Te [4] 329 713 2 @673K
ID-6 Cu2S0.52Te0.48 [5] 299 997 2.1 @1000K
ID-9 Bi0.3Sb1.7Te3 [8] 298 479 1.3 @380K
ID-10 (PbTe)0.96(MgTe)0.02Na0.04 [9] 307 900 1.8 @810K
ID-12 BST dislocation [10] 300 480 1.86 @320K
ID-17 PbTe0.85Se0.15 [15] 300 847 1.8 @850K
ID-18 PbTeNa [16] 300 750 1.4 @750K
ID-19 BST nanobulk [17] 300 525 1.4 @373K
ID-23 PbTe:Na, quenching (PNAS) [19] 321 759 2 @773K
ID-27 sc-SnSe, b-axis [22] 303 970 2.6 @923K
ID-28 Sn0.985Na0.015Se [23] 304 773 2 @773K
ID-34 Bi0.4Sb1.6Te3 [27] 303 513 1.8 @316K
ID-43 KERI BSTAg, HP [36] 323 573 1.2 @373K
ID-85 (PbTe)0.8(PbS)0.2 + 3at% Na [73] 302 922 2.3 @923K
ID-292 Cu1.94Al0.02Se (APL) [253] 327 1019 2.62 @1029K
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Table 4. Information of 18 selected materials: (a) maximum efficiencies
computed using exact numerical method (T is computed by fixed-point
interation, then power, heat and efficiency are computed), maximum effi-
ciencies computed from general maximum efficiency formula ηgenmax (see equa-
tion (8) in the Manuscript) (b) using exact thermoeletric degrees of freedom
(DOFs) with exact T (Zgen, τ, β), (c) using DOFs with T
(0) (Z
(0)
gen, τ (0), β(0)),
(d) using DOFs with one-shot approximation (Z
(0)
gen, τ
(0)
lin , β
(0)
lin ), (e) using
DOFs with only Zgen while τ = β = 0, (f) using DOFs with only Z
(0)
gen while
τ = β = 0, and (g) using the classical efficiency formula for constant TEP
using peak zT . Note that when we computing the numerical maximum
efficiency we calculate the T using the fixed-point iteration with integral
equation of T for given J . Then J is optimized to maximize the efficiency.
To compute Zgen, τ , and β, we used the T distribution of the J of the
maximum efficiency condition. For one shot approximations, we use the
equation (9) in the Manuscript.
ID-#
ηmax
(a)
exact
ηgenmax η
const
max
(b)
Zgen, τ, β
(c)
Z
(0)
gen, τ (0), β(0)
(d)
Z
(0)
gen, τ
(0)
lin , β
(0)
lin
(e)
Zgen
(f)
Z
(0)
gen
(g)
peak zT
ID-1 13.7% 13.7% 14.4% 14.3% 14.5% 15% 22.9%
ID-2 15.9% 15.9% 16.2% 16.1% 16.6% 16.8% 24.9%
ID-4 15.3% 15.3% 15.8% 15.8% 15.8% 16.3% 23.8%
ID-5 12.5% 12.6% 12.9% 13% 13.1% 13.4% 18%
ID-6 10.5% 10.5% 10.7% 10.7% 11.1% 11.1% 25.9%
ID-9 8.4% 8.4% 8.4% 8.4% 8.4% 8.4% 9.2%
ID-10 13.8% 13.8% 14.2% 14.1% 14.4% 14.7% 22%
ID-12 9.1% 9.1% 9.1% 9.1% 9% 9% 11.2%
ID-17 12.6% 12.7% 13% 12.9% 13.3% 13.5% 21.5%
ID-18 10.4% 10.4% 10.8% 10.8% 10.9% 11.2% 16.9%
ID-19 9.9% 9.9% 10% 10% 9.9% 9.9% 11.1%
ID-23 11.6% 11.6% 12.1% 12.1% 12.2% 12.5% 19.6%
ID-27 7.1% 7.1% 7.1% 7.1% 7.1% 7.1% 27.9%
ID-28 16.2% 16.2% 16.9% 16.9% 16.7% 17.3% 20.9%
ID-34 10.1% 10.1% 10.1% 10.1% 10% 10% 12.2%
ID-43 8.2% 8.2% 8.2% 8.2% 8.1% 8.1% 10.3%
ID-85 17.6% 17.6% 18.1% 17.8% 18.5% 18.8% 25.6%
ID-292 14.3% 14.3% 14.9% 14.9% 14.9% 15.4% 27.5%
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Table 5. Information of 18 selected materials: exact value and one-shot
approximation of thermoeletric degrees of freedom.
ID-# Zgen τ β Z
(0)
gen τ
(0)
lin β
(0)
lin
ID-1 0.0015 -0.253 0.192 0.0016 -0.207 0.199
ID-2 0.0018 -0.186 0.068 0.0018 -0.152 0.074
ID-4 0.0010 -0.164 0.197 0.0011 -0.141 0.203
ID-5 0.0022 -0.227 0.094 0.0023 -0.168 0.105
ID-6 0.0008 -0.253 0.027 0.0008 -0.208 0.028
ID-9 0.0029 -0.019 0.135 0.0029 -0.017 0.136
ID-10 0.0015 -0.192 0.102 0.0015 -0.161 0.107
ID-12 0.0033 0.030 0.177 0.0033 0.032 0.178
ID-17 0.0014 -0.231 0.109 0.0015 -0.189 0.112
ID-18 0.0014 -0.271 0.167 0.0014 -0.214 0.172
ID-19 0.0028 -0.015 0.189 0.0028 -0.013 0.190
ID-23 0.0017 -0.254 0.138 0.0017 -0.194 0.142
ID-27 0.0005 0.082 -0.379 0.0005 0.086 -0.382
ID-28 0.0025 -0.154 0.217 0.0026 -0.118 0.225
ID-34 0.0032 0.033 0.164 0.0032 0.036 0.166
ID-43 0.0019 0.028 0.186 0.0019 0.029 0.187
ID-85 0.0021 -0.179 0.079 0.0021 -0.146 0.095
ID-292 0.0013 -0.211 0.178 0.0014 -0.166 0.187
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§5 One-shot approximation Z(0)gen, τ (0)lin and β(0)lin
The exact forms of Zgen, τ and β are written as
(11) Zgen :=
(V/∆T )2
RK
=
α2
ρ κ
,
τ :=
1
α∆T
[
(α− αh)Th −K δT (1)
]
,(12)
β :=
2
R
K δT (2) − 1.(13)
The computation of Zgen, τ and β requires the exact temperature distribution. But
they can be estimated directly from the material properties. In this section we derive an
approximate formula for Zgen, τ and β. The idea is to use the temperature distribution
for J = 0, which is similar to the exact temperature distribution because most devices
induce small J due to the small zT . Let T (0) be the temperature distribution for J = 0
and define
ρ(0) :=
1
L
∫ L
0
ρ(T (0)(x)) dx =
A
L
R(0),
1
κ(0)
:=
1
L
∫ L
0
1
κ(T (0)(x))
dx=
A
L
1
K(0)
.
From the thermoelectric differential equation (10) with J = 0, we can check that
(14) − κ(T (0)(x))dT
(0)
dx
(x) = κ(0)
∆T
L
.
Hence ∫ Th
Tc
ρ(T )κ(T ) dT =
∫ Th
Tc
ρ(T (0))
(
− ∆T
L
κ(0)
) dx
dT (0)
dT (0)
=
∆T
L
∫ L
0
ρ(T (0)(x))κ(0) dx
= ∆T ρ(0) κ(0).
Replacing T with T (0) in Zgen =
α2
ρ κ
, we have an one-shot approximation for Zgen:
(15) Zgen ≈ α
2
ρ(0) κ(0)
=
(∫
α dT
)2
∆T
∫
ρκ dT
=: Z(0)gen.
To approximate τ , we assume the Seebeck coefficient is a linear function of T :
α(T ) ≈ αlin(T ) := αh +
(
αc − αh
Tc − Th
)
(T − Th) .
In this way we can observe the effect of the gradient of α on τ more clearly. Since the τ
in (12) has K δT (1) term, we estimate a relevant term:
F
(1)
T (s) ≈
∫ s
0
1
A
T
dαlin
dT
(T (x))
dT
dx
dx =
∫ T (s)
Th
1
A
T
αc − αh
Tc − Th dT
=
1
2A
αc − αh
Tc − Th (T (s)
2 − T 2h ) =: F̂ (1)(T (s)).
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Using −κdT
dx
≈ κ(0) ∆T
L
from (14),
δT (1) =
∫ L
0
F
(1)
T (x)
κ(x)
dx ≈ −
∫ L
0
F̂ (1)(T (x))
κ(0)
L
∆T
dT
dx
dx
=
1
κ(0)
L
∆T
∫ Th
Tc
F̂ (1)(T ) dT
=
1
2K(0)
1
∆T
αc − αh
Tc − Th
1
3
(∆T )2(−3Th + ∆T )
=
αh − αc
6K(0)
(−3Th + ∆T ) =: δ̂T (1)
where K(0) := A
L
κ(0). Therefore we have an one-shot approximation for τ :
τ ≈ 1
αlin∆T
[
(αlin − αh)Th −K(0) δ̂T (1)
]
= −1
3
αh − αc
αh + αc
=: τ
(0)
lin .
To approximate β, we assume the ρκ is a linear function of T :
(ρκ)(T ) ≈ (ρκ)lin(T ) := (ρκ)h +
(
(ρκ)c − (ρκ)h
Tc − Th
)
(T − Th) .
Using −κdT
dx
≈ κ(0) ∆T
L
from (14), we approximate relevant terms for β:
F
(2)
T (s) =
∫ s
0
1
A2
(ρκ)(T (x))
1
κ(x)
dx ≈ −L
A2κ(0)∆T
∫ s
0
(ρκ)lin(T (x))
dT
dx
dx
=
−L
A2κ(0)∆T
∫ T (s)
Th
(ρκ)lin(T ) dT
=
−L
A2κ(0)∆T
[
(ρκ)h(T (s)− Th) + 1
2
(ρκ)c − (ρκ)h
Tc − Th (T (s)− Th)
2
]
=: F̂ (2)(T (s))
hence
δT (2) =
∫ L
0
F
(2)
T (x)
κ(x)
dx ≈
∫ L
0
F̂ (2)(T (x))
(
− L
κ(0)∆T
)dT
dx
dx
=
−L
κ(0)∆T
∫ Tc
Th
F̂ (2)(T ) dT
=
1
6(K(0))2
(
2(ρκ)h + (ρκ)c
)
=: δ̂T (2).
Therefore we have an one-shot approximation for β:
β ≈ 2
L
A
ρ(0)
K(0) δ̂T (2) − 1 = 1
3 ρ(0)κ(0)
(2(ρκ)h + (ρκ)c)− 1
≈ 13
2
((ρκ)h + (ρκ)c)
(2(ρκ)h + (ρκ)c)− 1
=
1
3
(ρκ)h − (ρκ)c
(ρκ)h + (ρκ)c
=: β
(0)
lin .
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In summary, we have one-shot approximations as following:
(16) Zgen ≈ Z(0)gen ≡
(∫
α dT
)2
∆T
∫
ρκ dT
, τ ≈ τ (0)lin ≡ −
1
3
αh − αc
αh + αc
, β ≈ β(0)lin ≡
1
3
ρhκh − ρcκc
ρhκh + ρcκc
.
The one-shot approximation derived above is accurate enough for many cases. See
Figure 6, where we compare the exact Zgen, τ , β with their one-shot approximations for
276 materials.
Furthermore, these one-shot approximations can be used to predict the performance of
segmented devices. In Figure 7, we consider a two-stage segmented leg with no contact
resistance. The segmented leg consists of SnSe [22] for hot side and BiSbTe [17] for cold
side. The exact temperature distribution T insdie the leg shows a jump of the gradient
at x = 0.6 due to the inhomogeneity of the material; see Figure 7(b). Despite the
nonlinearity of the T , the one-shot approximation using Z
(0)
gen, τ
(0)
lin and β
(0)
lin , which does
not use the exact T , shows high accuracy in prediction of thermoelectric performances;
see Figure 7(c)-(f). The relative error is high near γ = 0, where the reaction term is
large due to the large electric current and thereby large Joule heat. For large γ, the error
is negligible. Near the γ = 1, the error is acceptable; the relative error is less than 5%.
The one-shot approximation predicts the maximum efficiency to be 7.68% while the exact
value is 7.53%.
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Figure 6. Estimation of thermoelectric degrees of freedom for 276 materi-
als. Numerical Zgen, τ , β are computed using the exact T at the maximum
efficiency. One-shot approximations Z
(0)
gen, τ (0), β(0) are computed using the
T (0) for J = 0. Going further, the τ
(0)
lin and β
(0)
lin are computed by assuming
the linearity of α and ρκ; see (9) for their explicit formula.
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Figure 7. The thermoelectric performances of a two-stage segmented leg
predicted by the one-shot approximation. The numerical exact values are
computed by fixed-point iteration and the one-shot values are computed
using Z
(0)
gen, τ
(0)
lin and β
(0)
lin ; see (9) for the explicit one-shot formula. (a) The
geometry of the segmented leg: SnSe [22] and BiSbTe [17] are used for hot
and cold-side materials. Th = 970K and Tc = 300K are used. (b) Exact
temperature distribution obtained by solving the integral equation (??) of
T with fixed-point iteration. (c) Power delivered outside, (d) heat current
at the hot side, (e) efficiency, and (f) relative errors in power, heat current,
efficiency between the numerical value and the one-shot approximation.
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